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Abstract 

Ozone is known as one of the pollutant that contributes to the air pollution problem. Therefore, it is important to carry out the 

study on ozone. The objective of this study is to find the best statistical distribution for ozone concentration. There are three 

distributions namely Inverse Gaussian, Weibull and Lognormal were chosen to fit one year hourly average ozone concentration 

data in 2010 at Port Dickson and Port Klang. Maximum likelihood estimation (MLE) method was used to estimate the 

parameters to develop the probability density function (PDF) graph and cumulative density function (CDF) graph. Three 

performance indicators (PI) that are normalized absolute error (NAE), prediction accuracy (PA), and coefficient of determination 

(R2) were used to determine the goodness-of-fit criteria of the distribution. Result shows that Weibull distribution is the best 

distribution with the smallest error measure value (NAE) at Port Klang and Port Dickson is 0.08 and 0.31, respectively. The best 

score for highest adequacy measure (PA: 0.99) with the value of R2 is 0.98 (Port Klang) and 0.99 (Port Dickson). These results 

provide useful information to local authorities for prediction purpose. 

 

Keywords: ozone concentration, coastal area, statistical distributions, goodness-of-fit, performance indicator  

 

Abstrak 

Ozon merupakan salah satu pencemar yang banyak menyumbang kepada masalah pencemaran udara. Maka kajian tentang ozon 

adalah penting untuk dijalankan. Objektif kajian ini adalah mencari taburan statistik yang terbaik untuk mewakili data kepekatan 

ozon. Tiga fungsi taburan yang digunakan dalam kajian ini adalah Gaussian songsang, Weibull dan Lognormal telah dipilih bagi 

menentukan taburan statistik yang terbaik untuk mewakili data taburan ozon per jam pada tahun 2010 di Port Dickson dan Port 

Klang. Kaedah penganggar kebolehjadian maksimum (MLE) telah digunakan untuk mengira parameter yang membentuk graf 

fungsi taburan kebarangkalian (PDF) dan fungsi taburan kumulatif (CDF). Tiga penunjuk prestasi (PI) iaitu ralat mutlak 

dinormalkan (NAE), kejituan ramalan (PA) dan pekali penentuan (R2) telah digunakan untuk menguji prestasi kriteria taburan 

yang terbaik. Hasil kajian menunjukkan taburan Weibull adalah yang terbaik untuk mewakili data kepekatan ozon dengan nilai 

ukuran ralat terkecil (NAE) di Port Klang dan Port Dickson masing-masing ialah 0.08 dan 0.031. Skor terbaik juga terhasil untuk 

pengiraan kejituan tertinggi (PA: 0.99) dengan nilai R2 di kedua-dua tempat ialah 0.98 (Port Klang) dan 0.99 (Port Dickson). 

Hasil kajian ini membekalkan maklumat penting kepada penguatkuasa tempatan untuk tujuan ramalan kepekatan pada masa akan 

datang. 

 

Kata kunci: Kepekatan ozon, pesisir pantai, taburan statistik, penyesuaian terbaik, penunjuk prestasi 
 

 

Introduction 

Ozone is one of air pollutant that exists in the atmosphere. Ozone is known as strong photochemical oxidants and 

one of the major problems originating from air pollution in urban areas [1]. Ozone formation at ground level was 
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originated by the ozone precursor which is Nitrogen oxides (NOx) and Volatile Organic Compounds (VOCs) has 

comes mainly from vehicles emission. The ozone concentration trend change when the emissions of its precursor 

change [2]. The ozone concentration that exists at ground level may be harmful to living organism especially 

human. Ozone was also known as the major contributing factor on chronic disease and mortality [3].   

 

Ozone was expected to be existing at coastal site by the influence of the geographical structure of the site and others 

parameters. These secondary pollutants were affected by the continental and maritime wind as well as the sea breeze 

[4,5]. The diurnal ozone coastal has been investigated by Nair et al. [6], state that the ozone mixing ratio increase 

during early morning and reach maximum at 1100 hour and start decreasing after 1600 hour. However, the pattern 

has secondary peak appearing about 1900 hour shows the ozone is closely associate with the circulation pattern 

from sea-breeze to land breeze. Other studies found that ship emission also give a significant impact to the ozone 

flocculation. The impact of ships emission to ozone concentration at coastal site up to 15 ppb and about 5 ppb at 

location 2 km from that coastal site [7]. Hence, this study of ozone concentration is important to predict ozone 

exceedances to assess and monitor the air quality.  

 

There are many statistical approaches used to study the ozone concentration such as probability distribution, 

multiple linear regression and artificial intelligence. Among that, probability distribution has been widely used by 

researcher to predict the air pollutant concentration [8,9]. This study will focus on three distributions namely 

Lognormal, Weibull and inverse Gaussian distribution for prediction purposes. Those distributions being used for 

certain parameter to form their own shape and characteristic [10]. These parameters were commonly determined by 

using few techniques such as maximum likelihood estimator (MLE), method of moment (MOM) and least square 

error. However, MLE method is preferable in parameter estimation cause its efficiency and good theoretical 

properties [11].  

 

The two-parameter Weibull distribution (scale (σ) and shape (λ)) is widely used in data analysis because of its 

flexibility in modeling. There are numerous papers and books dealing with various aspects of Weibull modeling, 

inference, applications, as well as parameter estimation [12]. The others competitor of Weibull distribution is 

Lognormal distribution which also good in most cases significant fit in seasonal and meteorological 

characterizations of daily data [13]. It was known that 2-parameter log-normal distribution (location (μ) and scale 

(σ)) give the best description of annual mean  daily sulphur dioxide concentration for a wide range of ambient level. 

The others competitor of the Weibull and Log-normal distribution in modelling asymmetric data from various 

scientific fields is Inverse Gaussian distribution. In reliability and life testing, the inverse Gaussian distribution is 

particularly useful in situations where early failures dominate [14]. Inverse Gaussian consists of two identical 

parameters which is location (μ) parameter and scale (σ) parameter. It is a two-parameter family of continuous 

probability distribution [15]. 
 

The first aim of this study is to determine the goodness-of-best fit distribution data representing ozone concentration 

by using distribution function method. The second aim of this study is to determine the best distribution for ozone 

concentration level at Port Dickson and Port Klang by using three performance indicators namely normalized 

absolute error (NAE), prediction accuracy (PA), and coefficient of determination (R
2
). 

 

Materials and Methods 

Study area 

Two sites were selected for this study, Port Dickson and Port Klang as illustrated in Figure 1.   

 

Site 1 (Port Dickson) is located 1 km from sea and it has large contributions to the local economy in oil and gas 

sector. It has two refineries that have been operating by Shell Refining and Petron Company which expected to 

contribute with air pollution problem. According to Department of Environment Malaysia (DoE) [16], Port Dickson 

was recorded 7 days unhealthy during 2012 which means that the air quality in Port Dickson needs to be 

investigated. Site 2 (Port Klang) has the main business in marine-based activity. A lot of ships docked here for 

export and import purposes. Highly shipping emission and traffic congestions were observed here due to truck 

involvement was expected to trigger the ozone formation, thus lead to high ozone concentration. Malaysian 
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Department of Environment (DOE) [16] stated that Port Klang had 13 unhealthy days on 2012 which represents 

third highest in Klang Valley based from the annual Environment Quality Report.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.  Description of the selected study area (Source: EQR 2012). 

 

 

Probability distribution 

Probability distribution is mathematical form to construct theoretical and idealization of real data set [17]. The 

probability density function (PDF) and cumulative density function (CDF) were used to estimate the probability of 

the exceedences of ozone based on Malaysian Ambient Air Quality Guideline (MAAQG). The PDF plot was used 

to identify the skewness of the distribution and it plot by using the value of parameter estimation [18]. The 

derivation of PDF was used for prediction of exceedences [19] and the CDF was used to determine the probability 

of air pollutant concentration [20]. Table 1 shows the PDF and the parameter estimation used [21]. 

 

Weibull distribution 

The formula used for parameter estimation that was given by Lu [9]: 

 

𝑓(𝑥) = (
𝜆

𝜎
) (

𝑥

𝜎
)

𝜆−1

exp [− (
𝑥

𝜎
)

𝜆

]        

 

The cumulative distribution function takes the form as 

 

𝐹(𝑥) =  1 − exp [− (
𝑥

𝛽
)

𝛼

]         

 

where 𝑥 ≥ 0, α = shape parameter, β = scale parameter.  

 

Port Dickson  

Port Klang 
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β was obtain by  
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and α was then calculated using following equation 
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Table 1.  Probability density function and its parameter estimates 

Distribution Probability Density Function Parameter Estimates 

Weibull 𝑓(𝑥) = (
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*µ is the location parameter, σ is the scale parameter, λ is the shape parameter, n is the total number of data 

 

    

Lognormal Distribution 

Lognormal was used to fit the ozone concentration data.  Lognormal distribution with probability density function is 

given by Lu [9]: 

 

𝑓(𝑥) =
1

𝑥𝜆√2Π
exp [−

1

2
(
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The cumulative density function form for normal distribution is  

 

𝑓(𝑥) =
1
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𝜎 is obtain by solution below 
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and α by using solution below 

 

𝜆 =  √
1

𝑛
∑ [ln(𝑥𝑖) − 𝜎]𝑛

𝑖=1            

 

 

Inverse Gaussian distribution 

The probability density function (pdf) for Inverse Gaussian distribution given by Tweedie [15] is:   

 

(
𝜎

2𝜋𝑥3)

1

2
exp (−

𝜎(𝑥−𝜇)2

2𝜇2𝑥
)          

 

where λ is scale parameter and μ is location parameter. The parameter estimation used is: 

 

𝜎 =
𝑛−1

∑ (
1

𝑥𝑖
−

1

𝑥̅
)𝑛

𝑖=1

           

 

for shape parameter, and 

 

𝜇 = 𝑥̅  

 

for location parameter. 

 

Performance indicator 
The performance indicators used for this study were NAE, PA, and R

2
 to identify the best distribution. The best 

distribution were selected by range of value that closest to 1 for adequacy measure (PA and R
2
) and the value 

closest to zero for error measure (NAE). Table 2 shows three equations used for the performance indicator [22]. 

 

 

Table 2.  Performance indicator equation 

Indicators Equation 

Normalize absolute error 

 

 

∑ 𝐴𝑏𝑠(𝑃𝑖 − 𝑂𝑖)𝑛
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∑ 𝑂𝑖 
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Prediction of accuracy 

 

 

∑ (𝑃𝑖 − 𝑂̅)2𝑁
𝑖=1

∑ (𝑂𝑖 − 𝑂̅)2𝑁
𝑖=1

 

Coefficient of determination 

 

 

 

(
∑ (𝑃𝑖 − 𝑃̅)(𝑂𝑖 − 𝑂̅)𝑁
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𝑁𝑆𝑝𝑟𝑒𝑑𝑆𝑜𝑏𝑠

)

2

 

* N = Number of observations, 𝑃𝑖  = Predicted values, 𝑂𝑖  = Observed values, 

𝑃̅ = Mean of the predicted values, 𝑂̅ = Mean of the observed values, 𝑆𝑝𝑟𝑒𝑑 = 

Standard deviation of the predicted values, 𝑆𝑜𝑏𝑠 = Standard deviation of the 

observed values 

 

 

 

 



Muhammad Yazid et al:   FITTING STATISTICAL DISTRIBUTIONS FUNCTIONS ON OZONE 

CONCENTRATION DATA AT COASTAL AREAS 

 

556 

 

Results and Discussion 

Ozone concentration data 

The ozone concentration data collected over a year period 2010 from January to December by DOE Malaysia and 

managed by private company Alam Sekitar Malaysia Sdn Bhd (ASMA). The ozone concentration was measured by 

ASMA using Teledyne Ozone Analyzer Model 400 A UV Absorption [23]. The data was collected every hour and 

the unit measurement is part per million (ppm). All descriptive statistic ozone concentration for Port Klang and Port 

Dickson is run by using IBM SPSS statistic 20 analytical and MATLAB r2014a computational software. Table 3 is 

the descriptive statistic of ozone concentration result from the software used in this study. 

 

 

Table 3.  Descriptive statistics of ozone concentrations 

Descriptive Port Klang 

(ppm) 

Port Dickson 

(ppm) 

Maximum 0.123 0.140 

Mean 0.020 0.026 

Median 0.014 0.022 

Standard Deviation 0.018 0.019 

Skewness 1.321 1.013 

 

 

From Table 3, the maximum value of ozone concentration recorded in Port Dickson was higher than Port Klang. 

However, measurements at both sites were exceeding the MAAQG (0.1ppm). The mean value of both sites was 

greater than median indicated there was high concentration recorded during period of study. The result also shows 

positively skewed to the right for Port Klang (sk = 1.321) and Port Dickson (sk = 1.013) explicate that the right tails 

of data is longer and higher concentration has been occurred. 

  

Parameter estimation 

Table 4 shows the parameter estimation values for Port Dickson and Port Klang, respectively. From the table, the 

shape parameter (λ) is higher than scale parameter (σ) for Weibull distributions indicate higher ozone concentration 

has occurred at both sites. The Lognormal parameter shows higher ozone concentration has occured which indicate 

by the scale parameter (σ) is higher than location parameter (μ). The inverse Gaussian parameter also show the 

location or mean parameter (μ) is higher than shape parameter (λ) which indicates high ozone concentration was 

occurred during this period. 

 

 

Table 4.  Parameter estimation for Port Dickson and Port Klang 

Distribution Site Parameter 

Weibull Port Dickson 𝜎= 0.029 𝜆= 1.418 

 Port Klang 𝜎= 0.021 𝜆= 1.098 

Lognormal Port Dickson 𝜇= -3.963 𝜎= 0.901 

 Port Klang 𝜇= -4.386 𝜎= 1.036 

Inverse Gaussian Port Dickson 𝜇= 0.026 𝜆= 0.019 

 Port Klang 𝜇= 0.020 𝜆= 0.012 

The location parameter (µ), the scale parameter (σ) is the shape parameter, λ. 
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Probability distribution graph 

From the parameter estimation, the CDF graph can be plotted to estimate goodness-of-fit of data. CDF graph for all 

distribution used were plotted to determine the best goodness-of-fit and the result were found to be Weibull 

distribution. Figure 2, shows the Weibull CDF plot of Port Dickson and Port Klang, respectively. The observation 

line was underestimates at approximately 0.038 ppm before it fitted again with theoretical line between 0.04 ppm 

and 0.06 ppm for Port Dickson site. Meanwhile, observation line was overestimates at 0.08 until 0.02 ppm then 

underestimate between 0.02 ppm and 0.06 ppm before it fitted again with theoretical line at 0.07 ppm for Port Klang 

site. Figure 3 shows the PDF plot of Weibull distribution depicted as it skewed to the right. The result also showed 

that the mode for Port Dickson site is approximately about 0.012 ppm and Port Klang site is approximately 0.008 

ppm. 

 

 

 

 
 

(a) Port Dickson 

 

 

 
 

(b) Port Klang 

 

Figure 2.  Weibull distribution CDF plot for Port Dickson and Port Klang 

 

 

 

 
 

(a) Port Dickson 

 

 

 
 

(b) Port Klang 

 

Figure 3.  Weibull distribution PDF plot for Port Dickson and Port Klang 

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Concentration, x (ppm)

C
u
m

u
la

ti
v
e
 d

is
tr

ib
u
ti
o
n
 f

u
n
c
ti
o
n
, 

F
(x

)

 

 

Theoretical

Observation

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Concentration, x (ppm)

C
u
m

u
la

ti
v
e
 d

is
tr

ib
u
ti
o
n
 f

u
n
c
ti
o
n
, 

F
(x

)

 

 

Theoretical

Observation

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0

5

10

15

20

25

30

Concentration, x (ppm)

P
ro

b
a
b
ili

ty
 d

e
n
s
it
y
 f

u
n
c
ti
o
n
, 

f(
x
)

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
0

5

10

15

20

25

30

35

40

Concentration, x (ppm)

P
ro

b
a
b
ili

ty
 d

e
n
s
it
y
 f

u
n
c
ti
o
n
, 

f(
x
)



Muhammad Yazid et al:   FITTING STATISTICAL DISTRIBUTIONS FUNCTIONS ON OZONE 

CONCENTRATION DATA AT COASTAL AREAS 

 

558 

 

Performance indicators 

Table 5 shows the best performance for both sites is Weibull distribution that computes by using computational 

MATLAB software.  

 

The best result for adequacy measure PA and R
2
 at Port Dickson is 0.99 and 0.98, respectively. Meanwhile, Weibull 

distribution scores the best for adequacy measure (PA = 0.99 and R
2 
= 0.99) and error measure (NAE = 0.08) at Port 

Klang site. Thus the Weibull distribution can be used for prediction purposes at both sites. 

 

Table 5.   Descriptive of performance indicator 

Distribution Site NAE PA R
2
 

Weibull Port Dickson 0.309 0.992*
 

0.984* 

 Port Klang 0.077* 0.993* 0.986* 

Lognormal Port Dickson 0.205* 0.911 0.829 

 Port Klang 0.203 0.886 0.786 

Inverse Gaussian Port Dickson 0.264 0.921 0.849 

 Port Klang 0.213 0.923 0.852 

                          *best distribution 

 

 

Conclusion 

The descriptive of ozone concentrations in Port Dickson and Port Klang were statistically investigated. This study 

concluded the best distribution to represent ozone concentration at Port Dickson and Port Klang were found to be 

Weibull distribution. This distribution performs the best goodness-of-fit data from CDF graph plotted. This 

distribution also shows best performance indicator with highest score in NAE with smallest error measure (value 

closest to zero) for Port Klang. It is also scored well in PA and R
2
 with highest adequacy measure (value closest to 

1) for both sites. 
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