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Abstract

In this paper, we investigate the new graph characteristic, the edge irregularity strength, denoted as es, as a modification of the
well known irregularity strength, total edge irregularity strength and total vertex irregularity strength. As a result, we obtain the
exact value of an edge irregularity strength of corona product of cycle with isolated vertices.
c⃝ 2016 Kalasalingam University. Publishing Services by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Let G be a connected, simple and undirected graph with vertex set V (G) and edge set E(G). By a labeling
we mean any mapping that maps a set of graph elements to a set of numbers (usually positive integers), called
labels. If the domain is the vertex-set or the edge-set, the labelings are called respectively vertex labelings or edge
labelings. If the domain is V (G) ∪ E(G), then we call the labeling total labeling. Thus, for an edge k-labeling
δ : E(G) → {1, 2, . . . , k} the associated weight of a vertex x ∈ V (G) is

wδ(x) =


δ(xy),

where the sum is over all vertices y adjacent to x .
Chartrand et al. [1] introduced edge k-labeling δ of a graph G such that wδ(x) =


δ(xy) for all vertices

x, y ∈ V (G) with x ≠ y. Such labelings were called irregular assignments and the irregularity strength s(G) of
a graph G is known as the minimum k for which G has an irregular assignment using labels at most k. This parameter
has attracted much attention [2–8].
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Motivated by these papers, Baca et al. [9] defined a vertex irregular total k-labeling of a graph G to be a total
labeling of G, ψ : V (G) ∪ E(G) → {1, 2, . . . , k}, such that the total vertex-weights

wt (x) = ψ(x)+


xy∈E(G)

ψ(xy)

are different for all vertices, that is,wt (x) ≠ wt (y) for all different vertices x, y ∈ V (G). The total vertex irregularity
strength of G, tvs(G), is the minimum k for which G has a vertex irregular total k-labeling. They also defined the total
labeling ψ : V (G) ∪ E(G) → {1, 2, . . . , k} to be an edge irregular total k-labeling of the graph G if for every two
different edges xy and x ′y′ of G one has wt (xy) = ψ(x)+ ψ(xy)+ ψ(y) ≠ wt (x ′y′) = ψ(x ′)+ ψ(x ′y′)+ ψ(y′).
The total edge irregularity strength, tes(G), is defined as the minimum k for which G has an edge irregular total
k-labeling. Some results on the total vertex irregularity strength and the total edge irregularity strength can be found
in [10–16,8,17–19].

The most complete recent survey of graph labelings is [20].
A vertex k-labeling φ : V (G) → {1, 2, . . . , k} is called an edge irregular k-labeling of the graph G if for

every two different edges e and f , there is wφ(e) ≠ wφ( f ), where the weight of an edge e = xy ∈ E(G) is
wφ(xy) = φ(x) + φ(y). The minimum k for which the graph G has an edge irregular k-labeling is called the edge
irregularity strength of G, denoted by es(G) (see [21]).

In [21], the authors estimated the bounds of the edge irregularity strength es and then determined its exact values
for several families of graphs namely, paths, stars, double stars and Cartesian product of two paths. Mushayt [22]
determined the edge irregularity strength of cartesian product of star, cycle with path P2 and strong product of path
Pn with P2. Tarawneh et al. [23] investigated the edge irregularity strength of corona product of graph with paths.
Recently, Ahmad [24] determined the exact value of the edge irregularity strength of corona graph Cn ⊙ K1 (or sun
graph Sn).

The following theorem established lower bound for the edge irregularity strength of a graph G.

Theorem 1 ([21]). Let G = (V, E) be a simple graph with maximum degree ∆ = ∆(G). Then

es(G) ≥ max


|E(G)| + 1
2


,∆(G)


.

In this paper, we determine the exact value of edge irregularity strength of corona graphs Cn ⊙ mK1,m ≥ 2.

2. Two lemmas

The corona product of two graphs G and H , denoted by, G ⊙ H , is a graph obtained by taking one copy of G
(which has n vertices) and n copies H1, H2, . . . , Hn of H , and then joining the i th vertex of G to every vertex in Hi .

The corona product Cn ⊙ mK1 is a graph with the vertex set V (Cn ⊙ mK1) = {xi , y j
i : 1 ≤ i ≤ n, 1 ≤ j ≤ m}

and edge set E(Cn ⊙ mK1) = {xi xi+1 : 1 ≤ i ≤ n − 1} ∪ {xi y j
i : 1 ≤ i ≤ n, 1 ≤ j ≤ m} ∪ {xn x1} is the edge set of

Cn ⊙ mK1. The corona product Cn ⊙ K1 is also know as sun graph Sn . Ahmad [24] determined the exact value of the
edge irregularity strength of Cn ⊙ K1 = Sn .

The following two lemmas determine the exact value of the edge irregularity strength for two particular cases.

Lemma 1. Let Cn ⊙ 2K1, n ≥ 3, be a corona graph. Then, es(Cn ⊙ 2K1) = ⌈
3n+1

2 ⌉.

Proof. The graph Cn ⊙ 2K1 has 3n vertices and 3n edges. The maximum degree of ∆(Cn ⊙ 2K1) is 4. Therefore,

by Theorem 1, we have that es(Cn ⊙ 2k1) ≥ max


3n+1
2


, 4


= ⌈

3n+1
2 ⌉. To prove the equality, it suffices to

prove the existence of an optimal edge irregular ⌈
3n+1

2 ⌉−labeling. Assume k =


3n+1

2


. Let φ1 : V (Cn ⊙ 2K1) →

{1, 2, . . . , ⌈ 3n+1
2 ⌉} be the vertex labeling such that:

For 1 ≤ i ≤ ⌊
n
2 ⌋ + 1, φ1(xi ) = 2⌈

i−1
2 ⌉ + ⌈

i
2⌉ and for ⌊

n
2 ⌋ + 2 ≤ i ≤ n, φ1(xi ) = k − 2⌈

n−i
2 ⌉ − ⌊

n−i
2 ⌋. φ1(y

j
i ) =

2⌊
i−1

2 ⌋ + ⌊
i
2⌋ + j for 1 ≤ i ≤ ⌊

n
2 ⌋, 1 ≤ j ≤ 2. For i = ⌊

n
2 ⌋ + 1, n ≡ 1 (mod 4), 1 ≤ j ≤ 2, φ1(y

j
i ) =

3n−11
4 + 3 j .
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For i = ⌊
n
2 ⌋ + 1, n ≡ 3 (mod 4), 1 ≤ j ≤ 2, φ1(y

j
i ) =

3n−9
4 + 2 j . For i =

n
2 + 1, n ≡ 0 (mod 2), 1 ≤ j ≤

2, φ1(y
j
i ) = 2⌊

i−1
2 ⌋ + ⌊

i
2⌋ + j + 1 and ⌊

n
2 ⌋ + 1 < i ≤ n, 1 ≤ j ≤ 2, φ1(y

j
i ) = k − 2⌈

n−i+1
2 ⌉ − ⌈

n−i
2 ⌉ + j .

The weights of the edges are as follows:

wφ1(xi xi+1) =


3i + 1, if 1 ≤ i ≤

n

2


k + 2


i − 1

2


−


n − i − 1

2


+


i

2


−


n − i − 1

2


, if i =

n

2


+ 1

2k − 3(n − i)+ 1, if
n

2


+ 1 < i ≤ n − 1.

wφ1(xn x1) = k + 1. For 1 ≤ i ≤ ⌊
n
2 ⌋, 1 ≤ j ≤ 2, wφ1(xi y j

i ) = 3i + j − 2. For n ≡ 1 (mod 4), 1 ≤ j ≤

2, wφ1(x⌊
n
2 ⌋+1 y j

⌊
n
2 ⌋+1) =

3n−5
2 + 3 j . If n ≡ 3 (mod 4) and 1 ≤ j ≤ 2, then wφ1(x⌊

n
2 ⌋+1 y j

⌊
n
2 ⌋+1) =

3(n−1)
2 + 2 j .

If n ≡ 0 (mod 2) and 1 ≤ j ≤ 2, then wφ1(x⌊
n
2 ⌋+1 y j

⌊
n
2 ⌋+1) =

3n+4
2 + j . For ⌊

n
2 ⌋ + 1 < i ≤ n, 1 ≤ j ≤ 2,

wφ1(xi y j
i ) = 2k − 3(n − i)+ j − 2.

We can see that all vertex labels are at most


3n+1
2


. The edge weights under the labeling φ1 successively attain

values {2, 3, . . . , 2k}. Thus the edge weights are distinct for all pairs of distinct edges and the labeling φ1 provides the
upper bound i.e. es(Cn ⊙ 2K1) ≤ ⌈

3n+1
2 ⌉. Combining with lower bound, we get that es(Cn ⊙ 2K1) = ⌈

3n+1
2 ⌉.

This completes the proof. �

Lemma 2. Let Cn ⊙ 3K1, n ≥ 3, be a corona graph. Then, es(Cn ⊙ 3K1) = ⌈
4n+1

2 ⌉.

Proof. The graph Cn ⊙3K1 has 4n vertices and 4n edges. The maximum degree of ∆(Cn ⊙3K1) is 5. By Theorem 1,

we have that es(Cn ⊙ 3K1) ≥ max


4n+1
2


, 5


= ⌈

4n+1
2 ⌉. To prove the equality, it suffices to prove the existence of

an optimal edge irregular ⌈
4n+1

2 ⌉−labeling. Assume k =


4n+1

2


. Let φ2 : V (Cn ⊙ 3K1) → {1, 2, . . . , ⌈ 4n+1

2 ⌉} be

the vertex labeling such that:

For 1 ≤ i ≤ ⌊
n
2 ⌋+ 1, φ2(xi ) = 3⌈

i−1
2 ⌉+ ⌈

i
2⌉ and for ⌊

n
2 ⌋+ 2 ≤ i ≤ n, φ2(xi ) = k − 3⌈

n−i
2 ⌉− ⌊

n−i
2 ⌋. φ2(y

j
i ) =

3⌊
i−1

2 ⌋ + ⌊
i
2⌋ + j for 1 ≤ i ≤ ⌊

n
2 ⌋, 1 ≤ j ≤ 3. For i = ⌊

n
2 ⌋ + 1, n ≡ 1 (mod 4), 1 ≤ j ≤ 2, φ2(y

j
i ) = n + j − 1.

φ2(y3
i ) = n + 4, for i = ⌊

n
2 ⌋+ 1, n ≡ 1 (mod 4). For i = ⌊

n
2 ⌋+ 1, n ≡ 3 (mod 4), 1 ≤ j ≤ 2, φ2(y

j
i ) = n + j − 2

and φ2(y3
i ) = n + 2, for i = ⌊

n
2 ⌋ + 1, n ≡ 3(mod 4). For i = ⌊

n
2 ⌋ + 1, n ≡ 0 (mod 2), 1 ≤ j ≤ 3, φ1(y

j
i ) =

3⌊
i−1

2 ⌋ + ⌊
i
2⌋ + j + 1 and ⌊

n
2 ⌋ + 1 < i ≤ n, 1 ≤ j ≤ 3, φ1(y

j
i ) = k − 3⌈

n−i+1
2 ⌉ − ⌈

n−i
2 ⌉ + j .

The weights of the edges are as follows:

wφ2(xi xi+1) =


4i + 1, if 1 ≤ i ≤

n

2


k + 3


i − 1

2


−


n − i − 1

2


+


i

2


−


n − i − 1

2


, if i =

n

2


+ 1

2k − 4(n − i)+ 1, if
n

2


+ 1 < i ≤ n

wφ2(xn x1) = k + 1. For 1 ≤ i ≤ ⌊
n
2 ⌋, 1 ≤ j ≤ 3, wφ2(xi y j

i ) = 4i + j − 3. For n odd, 1 ≤ j ≤

2, wφ2(x⌊
n
2 ⌋+1 y j

⌊
n
2 ⌋+1) = 2n + j − 1. If n ≡ 1 (mod 4), then wφ2(x⌊

n
2 ⌋+1 y3

⌊
n
2 ⌋+1) = 2n + 4. If n ≡ 0 (mod 2)

and 1 ≤ j ≤ 3, then wφ2(x⌊
n
2 ⌋+1 y j

⌊
n
2 ⌋+1) = 2n + j + 2. If n ≡ 3 (mod 4), then wφ2(x⌊

n
2 ⌋+1 y3

⌊
n
2 ⌋+1) = 2n + 3. For

⌊
n
2 ⌋ + 1 < i ≤ n − 1, 1 ≤ j ≤ 3, wφ2(xi y j

i ) = 2k − 4(n − i)+ j − 3.

We can see that all vertex labels are at most


4n+1
2


. The edge weights under the labeling φ2 attain distinct values

from 2 up to 2k. Thus the edge weights are distinct for all pairs of distinct edges and the labeling φ2 provides the
upper bound i.e. es(Cn ⊙ 3K1) ≤ ⌈

4n+1
2 ⌉. Combining with lower bound, we get that es(Cn ⊙ 3K1) = ⌈

4n+1
2 ⌉.

This completes the proof. �
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3. Main result

In this section, we determine the exact value of the edge irregularity strength of corona product Cn ⊙mK1, m > 2.

Theorem 2. Let Cn ⊙ mK1 be a corona graph with n ≥ 3 and m ≥ 2. Then

es(Cn ⊙ mK1) =


n(m + 1)+ 1

2


.

Proof. The graph Cn ⊙ mK1 has (m + 1)n vertices and (m + 1)n edges. The maximum degree of Cn ⊙ mK1,

∆(Cn ⊙ mK1) is m + 2. Therefore, by Theorem 1, we have that es(Cn ⊙ mK1) ≥ max


mn+n+1
2


,m + 2


=

⌈
mn+n+1

2 ⌉. For m = 2 and m = 3, see Lemmas 1 and 2, respectively. To prove the equality for m ≥ 4, it

suffices to prove the existence of an optimal edge irregular ⌈
mn+n+1

2 ⌉−labeling. Assume k =


mn+n+1

2


. Let φ3 :

V (Cn ⊙ mK1) → {1, 2, . . . , ⌈mn+n+1
2 ⌉} be the vertex labeling such that:

For 1 ≤ i ≤ ⌊
n
2 ⌋ + 1, φ3(xi ) = m⌈

i−1
2 ⌉ + ⌈

i
2⌉ and for ⌊

n
2 ⌋ + 2 ≤ i ≤ n, φ3(xi ) = k − m⌈

n−i
2 ⌉ − ⌊

n−i
2 ⌋.

φ3(y
j

i ) = m⌊
i−1

2 ⌋ + ⌊
i
2⌋ + j for 1 ≤ i ≤ ⌊

n
2 ⌋, 1 ≤ j ≤ m and i = ⌊

n
2 ⌋ + 1, n ≡ 1 (mod 2), 1 ≤ j ≤ ⌈

m
2 ⌉. For

i = ⌊
n
2 ⌋ + 1, n ≡ 0 (mod 2), 1 ≤ j ≤ m, φ3(y

j
i ) = m⌊

i−1
2 ⌋ + ⌊

i
2⌋ + j + 1 and φ3(y

j
i ) = m⌊

i−1
2 ⌋ + ⌊

i
2⌋ + j + 2

for i = ⌊
n
2 ⌋ + 1, n ≡ 1 (mod 2), ⌈

m
2 ⌉ + 1 ≤ j ≤ m.

φ3(y
j
i ) =


k − m


n − i + 1

2


−


n − i

2


+ j − 1, if i =

n

2


+ 2 for n ≡ 3 (mod 4)

and 1 ≤ j ≤


m − 3

2


k − m


n − i + 1

2


−


n − i

2


+ j, otherwise.

The weights of the edges are as follows:

wφ3(xi xi+1) =


(m + 1)i + 1, if 1 ≤ i ≤

n

2


k + m


i − 1

2


−


n − i − 1

2


+


i

2


−


n − i − 1

2


, if i =

n

2


+ 1

2k − (m + 1)(n − i)+ 1, if
n

2


+ 1 < i ≤ n − 1

wφ3(xn x1) = k + 1. For 1 ≤ i ≤ ⌊
n
2 ⌋, 1 ≤ j ≤ m, wφ3(xi y j

i ) = (m + 1)i + j − m. For n odd,

1 ≤ j ≤ ⌈
m
2 ⌉, wφ3(x⌊

n
2 ⌋+1 y j

⌊
n
2 ⌋+1) = (m + 1)(⌊ n

2 ⌋ + 1) + j − m. If n ≡ 1 (mod 4) and 1 ≤ j ≤ ⌈
m
2 ⌉, then

wφ3(x⌊
n
2 ⌋+1 y j

⌊
n
2 ⌋+1) = (m + 1)(⌊ n

2 ⌋ + 1)+ j − m + 2. For n even, 1 ≤ j ≤ m and n ≡ 3 (mod 4), ⌈
m
2 ⌉ + 1 ≤ j ≤

m, wφ3(x⌊
n
2 ⌋+1 y j

⌊
n
2 ⌋+1) = (m + 1)(⌊ n

2 ⌋ + 1)+ j − m + 1.

wφ3(xi y j
i ) =


2k − (m + 1)(n − i)+ j − m − 1, for i =

n

2


+ 2, n ≡ 3 (mod 4),

1 ≤ j ≤


m − 3

2


2k − (m + 1)(n − i)+ j − m, otherwise.

We can see that all vertex labels are at most


mn+n+1
2


. The edge weights under the labeling φ3 successively attain

values {2, 3, . . . , 2k}. Thus the edge weights are distinct for all pairs of distinct edges and the labeling φ3 provides the
upper bound on es(Cn ⊙ mK1) ≤ ⌈

mn+n+1
2 ⌉. Combining with lower bound, we get that es(Cn ⊙ mK1) = ⌈

mn+n+1
2 ⌉.

This completes the proof. �
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4. Conclusion

In this paper, we discussed the new graph characteristic, the edge irregularity strength es, as a modification of the
well-known irregularity strength, total edge irregularity strength and total vertex irregularity strength (see [21,24,22,
23]). We obtained the exact values for edge irregularity strength of corona graphs Cn ⊙ mK1,m ≥ 2 and n ≥ 3.

Acknowledgment

The authors would like to thank the referee for his/her valuable comments.

References

[1] G. Chartrand, M.S. Jacobson, J. Lehel, O.R. Oellermann, S. Ruiz, F. Saba, Irregular networks, Congr. Numer. 64 (1988) 187–192.
[2] M. Aigner, E. Triesch, Irregular assignments of trees and forests, SIAM J. Discrete Math. 3 (1990) 439–449.
[3] D. Amar, O. Togni, Irregularity strength of trees, Discrete Math. 190 (1998) 15–38.
[4] T. Bohman, D. Kravitz, On the irregularity strength of trees, J. Graph Theory 45 (2004) 241–254.
[5] R.J. Faudree, M.S. Jacobson, J. Lehel, R.H. Schelp, Irregular networks, regular graphs and integer matrices with distinct row and column

sums, Discrete Math. 76 (1989) 223–240.
[6] A. Frieze, R.J. Gould, M. Karonski, F. Pfender, On graph irregularity strength, J. Graph Theory 41 (2002) 120–137.
[7] M. Kalkowski, M. Karonski, F. Pfender, A new upper bound for the irregularity strength of graphs, SIAM J. Discrete Math. 25 (3) (2011)

1319–1321.
[8] P. Majerski, J. Przybylo, Total vertex irregularity strength of dense graphs, J. Graph Theory 76 (1) (2014) 34–41.
[9] M. Baca, S. Jendrol, M. Miller, J. Ryan, On irregular total labellings, Discrete Math. 307 (2007) 1378–1388.

[10] A. Ahmad, M. Baca, Y. Bashir, M.K. Siddiqui, Total edge irregularity strength of strong product of two paths, Ars Combin. 106 (2012)
449–459.

[11] A. Ahmad, M. Baca, M.K. Siddiqui, On edge irregular total labeling of categorical product of two cycles, Theory Comput. Syst. 54 (1) (2014)
1–12.

[12] O. Al-Mushayt, A. Ahmad, M.K. Siddiqui, On the total edge irregularity strength of hexagonal grid graphs, Australas. J. Combin. 53 (2012)
263–271.

[13] M. Anholcer, M. Kalkowski, J. Przybylo, A new upper bound for the total vertex irregularity strength of graphs, Discrete Math. 309 (21)
(2009) 6316–6317.

[14] M. Baca, M.K. Siddiqui, Total edge irregularity strength of generalized prism, Appl. Math. Comput. 235 (2014) 168–173.
[15] J. Ivanco, S. Jendrol, Total edge irregularity strength of trees, Discuss. Math. Graph Theory 26 (2006) 449–456.
[16] S. Jendrol, J. Miökuf, R. Soták, Total edge irregularity strength of complete graphs and complete bipartite graphs, Discrete Math. 310 (2010)

400–407.
[17] K.M.Haque Mominul, Irregular total labellings of generalized petersen graphs, Theory Comput. Syst. 50 (2012) 537–544.
[18] Nurdin, E.T. Baskoro, A.N.M. Salman, N.N. Gaos, On the total vertex irregularity strength of trees, Discrete Math. 310 (2010) 3043–3048.
[19] J. Przybylo, Linear bound on the irregularity strength and the total vertex irregularity strength of graphs, SIAM J. Discrete Math. 23 (2009)

511–516.
[20] J.A. Gallian, A dynamic survey graph labeling, Electron. J. Combin. 19 (2012) 1–216.
[21] A. Ahmad, O. Al-Mushayt, M. Baca, On edge irregular strength of graphs, Appl. Math. Comput. 243 (2014) 607–610.
[22] O. Al-Mushayt, On the edge irregularity strength of products of certain families with P2, Ars Combin., accepted for publication.
[23] I. Tarawneh, R. Hasni, A. Ahmad, On the edge irregularity strength of corona product of graphs with paths, Appl. Math. E-Notes 16 (2016)

80–87.
[24] A. Ahmad, Computing the edge irregularity strength of certain unicyclic graphs, submitted.

http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref1
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref2
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref3
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref4
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref5
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref6
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref7
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref8
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref9
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref10
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref11
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref12
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref13
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref14
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref15
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref16
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref17
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref18
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref19
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref20
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref21
http://refhub.elsevier.com/S0972-8600(16)30012-3/sbref23

	On the edge irregularity strength of corona product of cycle with isolated vertices
	Introduction
	Two lemmas
	Main result
	Conclusion
	Acknowledgment
	References


