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Abstract

In this paper, we investigate the new graph characteristic, the edge irregularity strength, denoted as es, as a modification of the
well known irregularity strength, total edge irregularity strength and total vertex irregularity strength. As a result, we obtain the
exact value of an edge irregularity strength of corona product of cycle with isolated vertices.
© 2016 Kalasalingam University. Publishing Services by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Irregularity assignment; Irregularity strength; Edge irregularity strength; Unicyclic graphs

1. Introduction

Let G be a connected, simple and undirected graph with vertex set V(G) and edge set E(G). By a labeling
we mean any mapping that maps a set of graph elements to a set of numbers (usually positive integers), called
labels. If the domain is the vertex-set or the edge-set, the labelings are called respectively vertex labelings or edge
labelings. If the domain is V(G) U E(G), then we call the labeling fotal labeling. Thus, for an edge k-labeling
§: E(G) — {1,2,...,k} the associated weight of a vertex x € V(G) is

ws(x) = Y 8(xy),

where the sum is over all vertices y adjacent to x.

Chartrand et al. [1] introduced edge k-labeling § of a graph G such that ws(x) = Y 8(xy) for all vertices
x,y € V(G) with x # y. Such labelings were called irregular assignments and the irregularity strength s(G) of
a graph G is known as the minimum k for which G has an irregular assignment using labels at most k. This parameter
has attracted much attention [2-8].
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Motivated by these papers, Baca et al. [9] defined a vertex irregular total k-labeling of a graph G to be a total
labeling of G, ¥ : V(G) U E(G) — {1, 2, ..., k}, such that the total vertex-weights

wi(xX) =y + Y Yy

xyeE(G)

are different for all vertices, that is, wz (x) # wt(y) for all different vertices x, y € V(G). The total vertex irregularity
strength of G, tvs(G), is the minimum k for which G has a vertex irregular total k-labeling. They also defined the total
labeling ¢ : V(G) U E(G) — {1, 2,...,k} to be an edge irregular total k-labeling of the graph G if for every two
different edges xy and x’y’ of G one has wt(xy) = ¥ (x) + ¥ (xy) + ¥ (y) # wt(x'y") =¥ (x") + ¥ (x'y) + ¥ ().
The total edge irregularity strength, tes(G), is defined as the minimum k for which G has an edge irregular total
k-labeling. Some results on the total vertex irregularity strength and the total edge irregularity strength can be found
in [10-16,8,17-19].

The most complete recent survey of graph labelings is [20].

A vertex k-labeling ¢ : V(G) — {1,2,...,k} is called an edge irregular k-labeling of the graph G if for
every two different edges e and f, there is wy(e) # wy(f), where the weight of an edge e = xy € E(G) is
wy (xy) = ¢(x) + ¢(y). The minimum k for which the graph G has an edge irregular k-labeling is called the edge
irregularity strength of G, denoted by es(G) (see [21]).

In [21], the authors estimated the bounds of the edge irregularity strength es and then determined its exact values
for several families of graphs namely, paths, stars, double stars and Cartesian product of two paths. Mushayt [22]
determined the edge irregularity strength of cartesian product of star, cycle with path P, and strong product of path
P, with P,. Tarawneh et al. [23] investigated the edge irregularity strength of corona product of graph with paths.
Recently, Ahmad [24] determined the exact value of the edge irregularity strength of corona graph C,, ® K (or sun
graph S,,).

The following theorem established lower bound for the edge irregularity strength of a graph G.

Theorem 1 (/21]). Let G = (V, E) be a simple graph with maximum degree A = A(G). Then

es(G) > max { ’7%—‘ , A(G)} .

In this paper, we determine the exact value of edge irregularity strength of corona graphs C,, © mKj, m > 2.
2. Two lemmas

The corona product of two graphs G and H, denoted by, G ©® H, is a graph obtained by taking one copy of G
(which has n vertices) and n copies Hy, Ha, ..., H, of H, and then joining the ith vertex of G to every vertex in H;.

The corona product C,, © m K is a graph with the vertex set V(C,, © mKj) = {x;, yl.j 1l <i<n1<j<m}
and edge set E(C, O©mK1) = {xjxj+1: 1 <i <n—-1}U {xiyij 1 <i<n,1<j<m}U{x,x}is the edge set of
C, ©mKj. The corona product C,, © K is also know as sun graph S,,. Ahmad [24] determined the exact value of the
edge irregularity strength of C,, © K1 = ;.

The following two lemmas determine the exact value of the edge irregularity strength for two particular cases.

Lemma 1. Let C, © 2K, n > 3, be a corona graph. Then, es(C, © 2K) = [3”—2“1.

Proof. The graph C,, © 2K has 3n vertices and 3n edges. The maximum degree of A(C,, ® 2K) is 4. Therefore,
by Theorem 1, we have that es(C,, © 2k;) > max [ {%—‘ ,4} = (3"7“1. To prove the equality, it suffices to

prove the existence of an optimal edge irregular [3";11—1abeling. Assume k = {%—‘ Let¢; : V(C,, ©2K1) —
{1,2,..., (3”7“1} be the vertex labeling such that:

For 1 <i < |4]+1, ¢106) =251+ 5] and for [4]+2 =i <n, ¢1(x) = k=251 = [255). 61(5)) =
215+ 1)+ jforl <i<|2),1<j<2Fori=53]+1 n=1(modd), 1<j<2¢()=3+3j.
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Fori = [2]+1,n =3(mod4), 1 < j <2, ¢1(3)) = 22 +2j. Fori =241, n = 0(mod2), 1 < j <
24107 =21 F |+ 5+ j+1and (4] +1<i<n 1=<j<2 ¢1())=k—27=H7 - 257+ ).
The weights of the edges are as follows:

3i+ 1, iflsifgj
i—1 n—i—1 i n—i—1 o n
e, (xiXi41) = {k +2 ) T2 + 171> | 1ft=L§J+l
2% —3(n— i)+ 1, ingJ+l<i§n—1.
we (4ax1) = k+ 1L Forl <i < [5], 1 =) =2 we, (xiy!) = 3i + j — 2. Forn = 1(mod4), 1 < j <
2, w¢1(xL%J+1yng+1) - 3n2—5 4+3j.If n =3(mod4) and 1 < j < 2, then w¢1(xL%J+1yng+1) _ 3(n2—1) +2j.

Ifn = 0(mod2) and 1 < j < 2, then w¢l(xL%J+1y{%JH) _ 4 For ()41 <i<nl<j<2
wg, (x;y]) =2k —=3(n — i)+ j — 2.

We can see that all vertex labels are at most 3”7“—‘ The edge weights under the labeling ¢ successively attain

values {2, 3, ..., 2k}. Thus the edge weights are distinct for all pairs of distinct edges and the labeling ¢ provides the
upper bound i.e. es(C,, © 2K1) < [%]. Combining with lower bound, we get that es(C, © 2K1) = f%].
This completes the proof. [J

Lemma 2. Let C, © 3Ky, n > 3, be a corona graph. Then, es(C,, © 3K1) = [4"7“].

Proof. The graph C,, ©® 3K has 4n vertices and 4n edges. The maximum degree of A(C, ®3K) is 5. By Theorem 1,
we have that es(C, ©3K) > max { (‘%_I , 5} = |'4"2+ 1. To prove the equality, it suffices to prove the existence of

an optimal edge irregular f%}—labeling. Assume k = ’7‘%] Let¢, : V(C, ©3K1) — {1,2,..., f%}} be
the vertex labeling such that:

Forl <i <4]+1, ¢20x) =37 F 1+ 4T and for [5]+2 <i <n, ¢ox)) =k =3[ — |55 ]. 62(y)) =
3  + 5 +jforl <i<|[%],1<j<3.Fori=|%2]+1, n=1(mod4), 1<j<2, p(])=n+j-1.
¢2(yi3) =n+4,fori =|5]+1, n=1(mod4).Fori = [5|+1, n=3(mod4), 1 <j <2, ¢2(yi’) =n+j—2
and qﬁz(y?) =n+2fori = [5]+1, n =3(mod4). Fori = |5]+1, n =0(mod2), 1 <j <3, ¢1(in) =
VT + gl +j+Tand 5]+ 1 <i<n, 1<j<3,¢10)) =k=3M"511 - 128 + .

The weights of the edges are as follows:

4i 41 'f1<'<VJ
e | . . o )
1 — n—i— l n—i— . n
W (isi1) = kHG 2 1_[T—D+[51_{TJ lfl:bJH
2% —d(n — i)+ 1, 1fL§J—|—1<z§n

Wy, (XpX1) = k'+ I.For1 < i < L%J, 1 < j < 3 w(pz(xl-yij) =4+ j—3. Fornodd, 1 < j <
2, w¢2(x\_%J+1y{%J+1) =2n+j—1.If n = 1(mod4), then w¢2(xL%J+1yf%Hl) =2n+4.If n = 0(mod?2)

and 1 < j < 3, then w¢2(xL%H1y{%J+l) =2n+ j+ 2. If n = 3 (mod4), then w¢2(xL%J+1yE’%J+1) = 2n + 3. For

B+l <i<n—1, 1<j<3 wyy)=2k—4m—i)+j-3

We can see that all vertex labels are at most @-‘ The edge weights under the labeling ¢, attain distinct values

from 2 up to 2k. Thus the edge weights are distinct for all pairs of distinct edges and the labeling ¢, provides the
upper bound i.e. es(C,, © 3K1) < f%}. Combining with lower bound, we get that es(C,, © 3K1) = f%].
This completes the proof. [
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3. Main result

In this section, we determine the exact value of the edge irregularity strength of corona product C,, OmKy, m > 2.

Theorem 2. Let C,, © mK be a corona graph withn > 3 and m > 2. Then

n(m—i—l)—i—l—‘

eS(Cn(DmKl):( 5

Proof. The graph C,, © mKj has (m + 1)n vertices and (m + 1)n edges. The maximum degree of C,, © mKj,
A(C, ©®© mKy) is m + 2. Therefore, by Theorem 1, we have that es(C,, © mKj) > max{[%-‘ ,m—+ 2} =
f%’”ll For m = 2 and m = 3, see Lemmas | and 2, respectively. To prove the equality for m > 4, it
suffices to prove the existence of an optimal edge irregular (%1 —labeling. Assume k = IV%"H-I Let ¢3 :
V(Cy OmKy) — {1,2, ..., [™5EL]) be the vertex labeling such that:

For 1 <i < 3]+ 1 ¢3(x) = m[FH T+ 5] and for 5] +2 <i < n, ¢3(x) = k —m[*53] = 5],
p3(v) =ml' G+ 5 +jforl <i< |5, 1<j<mandi=[5]+1 n=1(mod2), 1< j<[%] For

i=12+1, n=0mod2), 1<j<m, ¢35/ ) =ml 5]+ [L] + j+ Land ¢3(3)) = m[ 5 ] + | 5] + j +2
fori=[%]+1, n=1(mod2), [21+1=<j<m.

n—i—+1 n—i . o n
k—m - +j—1, 1fz=L§J+2fornE3(m0d4)

2 2
: -3
$3(y)) = and 1< j < {"’2 1

n—i-+1 n—i . .
k—m 5 — 3 + J, otherwise.

The weights of the edges are as follows:

(m + )i +1, iflgiggj
i—1 n—i—1 i n—i—1 . n
Wes (XiXi+1) = Yk +m |~ > + 11— | 1fz:L§J+1
2k —(m+1)(n—i)+1, ifL%J+l<i§n—l
W (eax1) = k4 1. For 1 < i < [2, 1 < j < m, wg(xy)) = (m+ Di + j — m. For n odd,

l<j=1I31 qus(ngmy{%JH) = m+ D2+ +j—mIfn=1(mod4) and I < j < [%2], then
wqba(xL%Hly{%Hl) =m+1D(5]+1)+j—m+2.Forneven,1 < j<mandn=3(mod4), [F]1+1=<j<

Y—(m+D)n—i)+j—m—1, fori= H 42, n=3(mod4),
w¢3(xiyi])= 1515 mT_?,—‘
2k —(m+1D(n—i)+j—m, otherwise.

We can see that all vertex labels are at most {%”“ . The edge weights under the labeling ¢3 successively attain

values {2, 3, ..., 2k}. Thus the edge weights are distinct for all pairs of distinct edges and the labeling ¢3 provides the

upper bound on es(C, ©mKi) < [%’”1]. Combining with lower bound, we get that es (C, OmK;) = (%’1“1.
This completes the proof. [
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4. Conclusion

In this paper, we discussed the new graph characteristic, the edge irregularity strength es, as a modification of the
well-known irregularity strength, total edge irregularity strength and total vertex irregularity strength (see [21,24,22,
23]). We obtained the exact values for edge irregularity strength of corona graphs C, © mKi,m > 2 and n > 3.
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